ABSTRACT. Countable projective limits of countable inductive limits, so-called PLB-spaces, of weighted Banach spaces of continuous functions have recently been investigated by Agethen, Bierstedt and Bonet, who analyzed locally convex properties in terms of the defining double sequence of weights. We complement their results by considering a defining sequence which is the product of two single sequences. By associating these two sequences with a weighted Fréchet, resp. LB-space of continuous functions or with two weighted Fréchet spaces (by taking the reciprocal of one of the sequences) we derive a representation of the PLB-space as the tensor product of a Fréchet and a DF-space and exhibit a connection between the invariants (DN) and (Ω) for Fréchet spaces and locally convex properties of the PLB-space resp. of the forementioned tensor product.
INTRODUCTION
Agethen, Bierstedt, Bonet [2] investigated the structure of spaces of continuous functions defined on a locally compact and σ -compact topological space that can be written as a countable intersection of countable unions of weighted Banach spaces of continuous functions. These spaces were introduced and studied for the first time in Agethen's thesis [1] ; they are examples of so-called PLB-spaces, i.e. countable projective limits of countable inductive limits of Banach spaces. Spaces of this type arise naturally in analysis, for instance the space of distributions, the space of real analytic functions and several spaces of ultradistributions are of this type. In fact, all the forementioned spaces are even PLS-spaces, that is the linking maps in the inductive spectra of Banach spaces are compact and some of them even appear to be PLN-spaces (i.e. the linking maps are nuclear). During the last years the theory of PLS-spaces has played an important role in the application of abstract functional analytic methods to several classical problems in analysis. In particular there was an intense research on tensor products of PLS-spaces motivated by the problem of parameter dependence of solutions of PDE, see e.g. Bonet, Domański [10, 12] , Domański [15] and Piszczek [26] . We refer to the survey article [14] of Domański for applications, examples and further references. Many of the applications reviewed by Domański [14] are based on the theory of the so-called first derived functor of the projective limit functor. This method has its origin in the application of homological algebra to functional analysis. The research on this subject was started by Palamodov [23, 24] in the late sixties and carried on since the mid eighties by Vogt [31] and many others. We refer to the book of Wengenroth [38] , who laid down a systematic study of homological tools in functional analysis and in particular presents many ready-for-use results concerning concrete analytic problems. In particular, [38, section 5] illustrates that for the splitting theory of Fréchet or more general locally convex spaces, the consideration of PLB-spaces which are not PLS-spaces is indispensable. Agethen, Bierstedt, Bonet [2] described locally convex properties (i.e. ultrabornologicity and barrelledness) of weighted PLB-spaces of continuous functions in terms of the defining double sequence of weights by using the theory of the derived projective limit functor Proj 1 , which we mentioned already above. In addition they studied the interchangeability of projective and inductive limit, i.e. the question when the PLB-spaces are equal to the weighted LF-spaces of continuous functions introduced by Bierstedt, Bonet [6] . Moreover, the work of Agethen, Bierstedt, Bonet exhibits that certain spaces of linear and continuous operators between Köthe echelon spaces as well as certain tensor products of a Köthe echelon and a coechelon space happen to be weighted PLB-spaces of continuous functions, see [2, section 4] . In this paper we complement the results of [2] by considering the following special situation. We assume that the domain of the functions in the PLB-space is the product of two topological spaces and that the defining double sequence of weights is the product of an increasing and a decreasing (single) sequence on each of the two topological spaces. By taking the reciprocal of the decreasing sequence we can associate the double sequence with two weighted Fréchet spaces of continuous functions. This enables us to exhibit a connection between locally convex properties of the PLB-space and the invariants (DN) and (Ω) for Fréchet spaces. The latter were introduced by Vogt [29] and Vogt, Wagner [35] and play a prominent role in the structure theory of Fréchet spaces, see for instance the book [22] of Meise, Vogt. In particular we establish a criterion for ultrabornologicity of the PLB-spaces formulated in terms of (DN) and (Ω). Taking no reciprocals the two sequences give rise to a weighted Fréchet and a weighted LB-space of continuous functions. In analogy to the case of sequence spaces (cf. [2, section 4]) we show that the ε-tensor product of these two spaces is isomorphic to the PLB-space defined by the double sequence explained above if we assume the decreasing sequence to be regularly decreasing (see Bierstedt, Meise, Summers [8, Definition 2.1]). Combining these results we finally obtain a criterion for the ultrabornologicity of the tensor product of a weighted Fréchet space of continuous functions and a weighted LB-space of continuous functions. The underlying general question of determining topological properties of the tensor product of a Fréchet space and a DF-space was raised by Grothendieck in the last section of his thèse [17] . He investigated the case of π-tensor products of echelon and coechelon spaces of order one, see [17, [25, Proposition 11.6 .13]) of Grothendieck on the ultrabornologicity of s ⊗ π s is a result on an ε-tensor product of a Fréchet space and a DF-space due to the nuclearity of s. Indeed, a certain nuclearity assumption is also the key point in results of Piszczek [26] (cf. also Domański [15] ) on tensor products of PLS-spaces. As we explain at the end of Section 4, the latter results can be used in our situation; in fact [26, Theorem 6 and Theorem 9] provide criteria for tensor products of FS-and LS-spaces to be ultrabornological if at least one of them is nuclear. We refer the reader to [8] for weighted spaces of continuous functions and to [19, 20, 21, 22, 25] for the general theory of locally convex spaces.
NOTATION AND PRELIMINARY RESULTS
Let X be a locally compact and σ -compact topological space. By C(X) we denote the space of all continuous functions on X and by C c (X) the subspace of all functions with compact support. A weight on X is a strictly positive and continuous function on X. We consider a double sequence A = ((a N,n ) n∈N ) N∈N of weights on X which is decreasing in n and increasing in N, i.e. a N,n+1 a N,n a N+1,n holds for all N and n. This condition will be assumed on the double sequence A in the rest of this article. We define
Recall that a function g : X → R is said to vanish at infinity on X if for each ε > 0 there is a compact set K in X such that |g(x)| < ε for all x ∈ X\K. The spaces C(a N,n ) 0 (X) are Banach spaces for the norms f N,n := sup x∈X a N,n (x)| f (x)|, f ∈ C(a N,n ) 0 (X). By the definition of these norms, C(a N,n ) 0 (X) ⊆ C(a N,n+1 ) 0 (X) holds with continuous inclusion for all N and n and we can define for each N the weighted inductive limit 
is a projective spectrum of LB-spaces with inclusions as linking maps and we can form the following projective limit, called weighted PLB-space of continuous functions
which is the object of our study in this article. Since the space of continuous functions with compact support is contained in (A N ) 0 C(X) and since it is dense in each Banach space C(a N,n ) 0 (X), it follows that the projective limit (AC) 0 (X), or rather the projective spectrum A 0 C, is strongly reduced in the sense of [38, Definition 3.3.5] . In fact it is a reduced projective limit in the sense of Köthe [20, p. 120] , which is a stronger condition.
We refer the reader to the book of Wengenroth [38] for a detailed exposition of the theory of projective spectra of locally convex spaces X = (X N ) N∈N , their projective limits proj N X N , the derived functor Proj 1 X and for conditions to ensure that the derived functor of a projective spectrum vanishes, i.e. that we have Proj 1 X = 0, including important results by Palamodov [23, 24] , Retakh [27] , Braun, Vogt [13] , Vogt [31, 33] , Frerick, Wengenroth [16] and many others. At this point we only mention that, if X = (X N ) N∈N is a projective spectrum of locally convex spaces with inclusions as linking maps and limit X = proj N X N , the so-called fundamental resolution
, is exact but σ is not necessarily surjective, what directs to the definition
For more details see Wengenroth [38, Chapter 3] .
In [34] Vogt introduced the condition (wQ). In the case of weighted PLB-spaces one can reformulate this condition in terms of the weights as follows. We say that the sequence A satisfies (wQ) if
We have the following result concerning homological properties of the spectrum A 0 C and locally convex properties of (AC) 0 (X), which is due to Agethen, Bierstedt, Bonet [2] .
Given a sequence of weights A = ((a N,n ) n∈N ) N∈N we can also associate a weighted LF-space of continuous functions defined by V 0 C(X) := ind n proj N C(a N,n ) 0 (X). Spaces of this type were investigated by Bierstedt, Bonet [6] . It is clear, that V 0 C(X) ⊆ (AC) 0 (X) holds with continuous inclusion. The equality was investigated by Agethen, Bierstedt, Bonet [2] using the following condition introduced by Vogt [30, Satz 1.1]. We say that the sequence A satisfies condition (B) if
Agethen, Bierstedt, Bonet [2] proved the following result on the forementioned equality of PLB-and LF-space. In the sequel we complement the above by considering the special situation that the domain X is the product of two topological spaces X 1 and X 2 and the sequence A is the product of an increasing sequence (a 1 N ) N∈N defined on X 1 and a decreasing sequence ((a 2 n ) −1 ) n∈N defined on X 2 . In this special setting we can associate a weighted Fréchet space to each of the sequences (a 1 N ) N∈N and (a 2 n ) n∈N and thus draw the line between properties of the PLB-space and the invariants (DN) and (Ω) for Fréchet spaces. In order to do this we have to characterize (DN) and (Ω) in terms of the weights.
(DN) AND (Ω) VS. (WQ)
Vogt [29] and Vogt, Wagner [35] introduced the following conditions, which are topological invariants of Fréchet spaces. We say that a Fréchet space E with a fundamental sequence of seminorms ( · n ) n∈N satisfies condition (DN), if 
where y n := sup x n 1 |y(x)|. It is well-known (and an immediate consequence of [22, Lemma 29.13] ) that replacing the above estimate by the inclusion U M ⊆ rU N + D r 1−1/θ U K (required for each r > 0 and with U n := {x ∈ E ; x n 1} for n ∈ N) yields an equivalent formulation of (Ω).
Definition 3. Let A = (a n ) n∈N be an increasing sequence of weights on a Hausdorff locally compact and σ -compact topological space X. We say that A satisfies condition (DN) w if
Lemma 4. Let A = (a n ) n∈N be an increasing sequence of weights on a Hausdorff locally compact and σ -compact topological space X. The Fréchet space CA 0 (X) = proj n C(a n ) 0 (X) satisfies condition (DN) if and only if the sequence A satisfies (DN) w .
Proof. "⇐" We choose n as in (DN) w . For given m n, 0 < θ < 1 we choose k m and C > 0 as in (DN) w .
For an arbitrary f ∈ CA 0 (X) we obtain
and hence we have shown (DN).
"⇒" Let x 0 ∈ X be fixed. Since X is locally compact, there is a neighborhood filter (K β ) β ∈B for x 0 consisting of compact sets. Since X is Hausdorff, ∩ β ∈B K β = {x 0 }. For each K β we choose a function f β ∈ C c (X) with f β (x 0 ) = 1, 0 f β 1 and supp f β ⊆ K β . Thus we have ∩ β ∈B supp f β = {x 0 }. Now we consider the net (sup x∈X a(x)| f β (x)| γ ) β ∈B ⊆ R for some fixed weight a and γ > 0 and obtain sup x∈X a(
Now we select n as in (DN). For given m n and 0 < θ < 1 we choose k m and C > 0 as in (DN). Now we fix some x 0 ∈ X and consider the f β defined above. We have sup x∈X a m (
Taking limits on each side yields the desired inequality, which finishes the proof since x 0 was arbitrary.
Lemma 5. Let A = (a n ) n∈N be an increasing sequence of weights on a Hausdorff locally compact and σ -compact topological X. The Fréchet space CA 0 (X) = proj n C(a n ) 0 (X) satisfies condition (Ω) if and only if the sequence A satisfies (Ω) w .
Proof. "⇐" We put a := 
Now we show (Ω) in the second formulation mentioned at the beginning of this section. Let N be given. We choose M N as in ( ). For given K M we select D > 0 and 0 < θ < 1 as in ( ) and take an arbitrary r > 0. Let f ∈ U M be fixed, i.
ϕ 2 ∈ Dr 1−1/θ U K and thus f ∈ rU N + Dr 1−1/θ U K . "⇒" For a fixed N and for x 0 ∈ X we consider δ x 0 : C(a n ) 0 (X) → C, δ x 0 ( f ) := f (x 0 ). Then we have
. We choose ϕ ∈ C c (X) with ϕ(x 0 ) = 1, 0 ϕ 1 on X and put f 0 :=
(Ω) w is the special case of (Ω) where we choose the functional to be δ x for arbitrary x ∈ X.
After these preparations we are ready to investigate the situation we mentioned at the end of Section 2: For i ∈ {1, 2} let X i denote a locally compact and σ -compact Hausdorff topological space. Moreover, let A i = (a i n ) n∈N be an increasing sequence of weights on X i , i.e. a i n a i n+1 for all n ∈ N. We define the double sequence A = ((a N,n ) N∈N ) n∈N by setting a N,n :
.
Thus, A satisfies the estimates a N,n+1 (x 1 , x 2 ) a N,n (x 1 , x 2 ) a N+1,n (x 1 , x 2 ) for all N, n and (x 1 , x 2 ) ∈ X 1 × X 2 . In the sequel we refer to a sequence of the latter form by A = A 1 ⊗ (A 2 ) −1 . To simplify notation we put X := X 1 × X 2 and consider the PLB-space (AC) 0 (X) in the notation established at the beginning of Section 2. In view of Theorem 1 we investigate if there is some relation between the conditions (DN) and (Ω) for the Fréchet spaces C(A i ) 0 (X i ) and the PLB-space (AC) 0 (X). According to the results above we can consider the weight conditions (DN) w , (Ω) w and (wQ).
Proposition 6. Let A 1 resp. A 2 be an increasing sequence of weights on X 1 resp. X 2 . Assume that A 1 satisfies (Ω) w and that A 2 satisfies (DN) w . Then the sequence A = A 1 ⊗ (A 2 ) −1 on X 1 × X 2 satisfies (wQ).
Proof. It suffices to show
In order to do this, let N be given. We select M N as in (Ω) w and n as in (DN) w . For given K M there exist D > 0 and 0 < θ < 1 with the estimate in (Ω) w . For arbitrary m and the same θ there exist k m and C > 0 with the estimate in (DN) w . We put S := 2CD and multiply the estimates in (DN) w and (Ω) w to get
) for each
In the light of Theorem 2 it is natural to ask wether there is any relation between the conditions (wQ) and (B); this was one of the objectives in [36] . In the latter work a variant of the following example was stated to show that "(wQ)⇒(B)" is not true in general. Proposition 6 yields a very easy way of concluding that the double sequence A in Example 7 satisfies (wQ); we believe that this is less complicated than the approach of [36] .
Example 7. In general, the assumptions of Proposition 6 do not imply that A satisfies condition (B). Let s be the Fréchet space of rapidly decreasing sequences. Then s = {x ∈ K N ; ∀ k ∈ N : lim j→∞ j k |x j | = 0} = CA 0 (N) holds for A = (a k ) k∈N with a k ( j) = j k by [22, Proposition 28.16] . In particular, s satisfies (DN) and (Ω), see e.g. Meise, Vogt [22, Section III.29 
]. Now we consider
, which satisfies (wQ) by Proposition 6. Straight forward calculations show that A does not satisfy (B).
Theorem 8. Let A 1 resp. A 2 be an increasing sequence of weights on X 1 resp. X 2 . Consider the sequence A = A 1 ⊗ (A 2 ) −1 on X = X 1 × X 2 and assume that C(A 1 ) 0 (X 1 ) satisfies (Ω) and that C(A 2 ) 0 (X 2 ) satisfies (DN). Then (AC) 0 (X) is ultrabornological.
Proof. The result follows immediately from Lemmas 4 and 5, Proposition 6 and Theorem 1.
Remark 9.
Changing certain quantifiers in the definitions of (DN) and (Ω), the latter turn into the weaker resp. stronger conditions (DN) and (Ω). For the definition and recent results involving (DN) and (Ω) we refer to Bonet, Domański [9, 10, 12] .
Having (DN) and (Ω) at hand it is easy to see how weight conditions (DN) w and (Ω) w have to be defined in order to characterize the invariants (DN) and (Ω) for weighted Fréchet spaces CA 0 (X). Then it is not hard to see that Proposition 6 and Theorem 8 are also valid with (DN) resp. (Ω) replaced by (DN) resp. (Ω). Since a detailed proof for these variants of Proposition 6 and Theorem 8 is straight forward, we ommit it at this point; a detailed exposition can be found in [37] . However, the results might be of interest in view of applications and examples.
TENSOR PRODUCT REPRESENTATION
The constructions in the earlier sections already suggest the question, wether the space (AC) 0 (X) with an underlying sequence A = A 1 ⊗ (A 2 ) −1 can be realized as the tensor product of a Fréchet and an LB-space. In the last section we deduce a representation of this kind, which finally will enable us (see Theorem 11) to utilize Theorem 8 to prove a criterion for the ultrabornologicity of an ε-tensor product of a weighted Fréchet space of continuous functions and a weighted LB-space of continuous functions. For further information on the general question of determining locally convex properties of tensor products of a Fréchet and a DF-space we refer to our comments in Section 1. In what follows we need the so-called regularly decreasing condition; we refer to Bierstedt, Meise, Summers [8, Definition 2.1] for the definition and further information.
Proposition 10. Let A 1 resp. A 2 be an increasing sequence of weights on X 1 resp. X 2 . Consider the double sequence A = A 1 ⊗ (A 2 ) −1 on X = X 1 × X 2 and assume that V 2 = (A 2 ) −1 is regularly decreasing. Then we have the isomorphism
is a weighted Fréchet resp. LB-space of continuous functions.
Proof. We compute
The isomorphy (1) is true in general, see e.g. Jarchow [19, 16.3.2] . 
for each N. It is easy to see that the latter yields an isomorphism of the corresponding projective limits and we therefore get the desired isomorphism (2). Finally, a result of Bierstedt [4, Theorem 1.2] yields an isomorphism
for each N and n which is given by
follows from Köthe [21, §44, 2. (5)], since both spaces are complete and C((a 2 n ) −1 ) 0 (X 2 ) has the approximation property (see a. above). Again it is easy to see that the above isomorphisms yield an isomorphism of the corresponding PLB-spaces. This finally shows (3).
In the case of sequence spaces, the above tensor product is of the type λ 0 (A)⊗ ε k 0 (B), i.e. it is the tensor product of a Köthe echelon and Köthe coechelon space and thus Proposition 10 can be regarded as an extension of [2, Lemma 4.3] Theorem 11. Let A 1 resp. A 2 be an increasing sequence of weights on X 1 resp. X 2 . Assume that V 2 = (A 2 ) −1 is regularly decreasing, that C(A 1 ) 0 (X 1 ) satisfies (Ω) and that C(A 2 ) 0 (X 2 ) satisfies (DN). Then the ε -tensor product C(A 1 ) 0 (X 1 )⊗ ε V 2 0 C(X 2 ) of a Fréchet space and a DF-space is ultrabornological.
Proof. The result follows directly from Theorem 8 and Proposition 10.
Remark 12. In view of Remark 9 it is clear that Theorem 11 is also valid if we replace (DN) resp. (Ω) by (DN) resp. (Ω). Again we refer to [37] for details.
In the case of sequence spaces the meaning of Theorem 11 and Remark 12 is the following: Let A = (a n ) n∈N be a Köthe matrix and B = (b n ) n∈N be a decreasing sequence of strictly positive functions on N which is regularly decreasing. Put The setup of this section, in particular the fact that in Theorem 11 and Remark 12 one of the assumptions is an assumption on the space C(A 2 ) 0 (X 2 ) whereas the conclusion affects the space V 2 0 C(X 2 ) with V 2 = (A 2 ) −1 , suggests the question if in the latter statements Corollary 14. Let A = (a n ) n∈N and B = (b n ) n∈N be Köthe matrices such that λ 0 (B), or equivalently its strong dual, is nuclear. Assume that λ 0 (A) satisfies (Ω) and λ 0 (B) satifies (DN) or that λ 0 (A) satisfies (Ω) and λ 0 (B) satisfies (DN). Then the space λ 0 (A)⊗ ε λ 0 (B) b is ultrabornological.
In the general case of continuous functions, an analogon of Corollary 13 can be proved under the additional assumption that both factors of the tensor product are Schwartz and that one of them is nuclear -this is achieved by using the results [26, Theorem 6 and Theorem 9] of Piszczek (compare with Domański [15, Corollary 5.6]) on tensor products of PLS-spaces.
Proposition 15. Let A be an increasing and V be a decreasing sequence of weights on X 1 resp. X 2 . Assume that the spaces CA 0 (X 1 ) and V 0 C(X 2 ) are Schwartz and that one of them is nuclear. If CA 0 (X 1 ) satisfies (Ω) and V 0 C(X 2 ) b satifies (DN) or CA 0 (X 1 ) satisfies (Ω) and V 0 C(X 2 ) b satisfies (DN), then the ε-tensor product CA 0 (X 1 )⊗ ε V 0 C(X 2 ) is ultrabornological.
Proof. Our general assumptions imply that CA 0 (X 1 ) and V 0 C(X 2 ) both enjoy the dual interpolation estimate for big θ (in the case of (DN) and (Ω)) or small θ (in the case of (DN) and (Ω)), cf. [26, Proposition 1] . With [26, Theorem 6 resp. Theorem 9] our nuclearity assumptions imply that CA 0 (X 1 )⊗ ε V 0 C(X 2 ) has the dual interpolation estimate for small or for big θ . Since CA 0 (X 1 ) and V 0 C(X 2 ) are ultrabornological PLS-spaces, their completed ε-tensor product is a PLS-space, cf. [26, In view of the arguments previous to Corollary 13, the sequence space case of Proposition 15 implies the sequence space cases of Theorem 11 and Remark 12, if we assume that λ 0 (A) and λ 0 (B −1 ) are Schwartz and that one of them is nuclear. In fact, the assumptions of Proposition 15 already imply X 1 ∼ = X 2 ∼ = N as the next statement shows.
Remark 16. Let X be a Hausdorff locally compact and σ -compact space. Let A = (a n ) n∈N be an increasing sequence of weights on X and let CA 0 (X) = proj n C(a n ) 0 (X) be Schwartz. Then X ∼ = N, where N is endowed with the discrete topology. The same conclusion is valid if we replace CA 0 (X) by V 0 C(X) = ind n C(v n ) 0 (X) for a decreasing sequence V = (v n ) n∈N of weights.
Proof. Let K ⊆ X be compact and consider the restriction map q : CA 0 (X) → C(K). With the definition C := sup x∈K 1/a 1 (x) we have a 1 C 1 on K and thus sup x∈K | f (x)| C sup x∈K a 1 (x)| f (x)| C sup x∈X a 1 (x)| f (x)| for each f ∈ CA 0 (X), i.e. q is continuous if we endow C(K) with the sup-norm. Hence, q induces an isomorphism CA 0 (X)/ ker q ∼ = C(K) and thus C(K) is a Schwartz space by [22, 24.18] . But C(K) is also a Banach space, whence it is finite dimensional which in turn implies that K is finite (for infinite K it is not hard to construct an infinite set of continuous functions which is linearly independent); in particular, K has to carry the discrete topology. Now the conclusion follows since we assumed that X is σ -compact. In the case of V 0 C(X) we may use the same arguments; the continuity of the restriction maps follows from the universal property of the inductive limit (e. g. [22, 24.7] ).
To conclude, let us point out that Theorem 11 and Remark 12 clearly are more general in the case of weighted spaces of continuous functions whereas the results of Piszczek and Domański which leaded us to Proposition 15 provide a general theory for (nuclear) PLS-space.
